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. Abstract. The purpose of this article is twofold. The first is to prove a second main 

C^l ' theorem for meromorphic mappings of C™ into a complex projective variety intersecting 

QJ , hypersurfaces in subgeneral position with truncated counting functions. The second is 

pL^ ' to show a uniqueness theorem for these mappings which share few hypersurfaces without 

, counting multiplicity. 
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1. Introduction 

Let / be a linearly nondegenerate meromorphic mapping of into P"(C) and let 
{HjYj^-^ be q hyperplanes in A^-subgeneral position in P"(C). Then the Cartan-Nochka's 
second main theorem for meromorphic mappings and hyperplanes (see |8], [9]) stated that 

<? 

II _ 2iV + n - l)T(r, f) <J2 + "(T{r, /)). 

i=l 

The above Cartan-Nochka's second main theorem plays a very essential role in Nevan- 
^ ' linna theory, with many applications to Algebraic or Analytic geometry. One of the 

' most interesting applications of the above theorem is to study the uniqueness problem of 

meromorphic mappings sharing hyperplanes. We state here the uniqueness theorem of L. 
Smiley, which is one of the most early results on this problem. 
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Theorem A. Let f,g be two meromorphic mappings o/C™ into P"(C). Let Hi, Hg be 
q {q > 3n+2) hyperplanes o/P"'(C) located in general position. Assume that /~"'^(IJi'=i ^i) = 
9-'i[JUH^) and 

dimf-\H,) n r\H,) < m - 2, V2 ^ j. 

Then f = g. 

Many authors have generalized the above result to the case of meromorphic mappings 
and hypersurfaces. 

In 2004, Min Ru [11] showed a second main theorem for algebraically nondegenerate 
meromorphic mappings and a family of hypersurfaces of a complex projective space P'^(C) 
in general position. With the same assumptions, T. T. H. An and H. T. Phuong [1] 
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improved the result of Min Ru by giving an explicit truncation level for counting functions. 
They proved the following. 

Theorem B (An - Phuong [1]) Let f be an algebraically nondegenerate holomorphic 
map of C into P"'(C). Let {Qi}'^^i be q hyper surf aces in P"'(C) in general position with 
degQi = di {I <i < q). Let d be the least common multiple of the d[s, d = lcm{di, ...^dq). 
Let < e < 1 and let 

L>2d[T'{n + l)n{d+l)e-^f. 

Then, 

\\{q-n-l- e)Tfir) < ^N^^^ir) + o{Tf{r)). 

1=1 

Using this result of An - Phuong, Dulock and Min Ru [2] gave a uniqueness theorem 
for meromorphic mappings sharing a family of hypersurfaces in general position. Then 
the natural question arise here: "How to generalize these results to the case where map- 
pings take values in projective varieties and the family of hypersurfaces is in subgeneral 
position?" 

Now, let y be a complex projective subvariety of P"(C) of dimension k {k < n). Let 
Qi, Qq {q > k + 1) he q hypersurfaces in P"(C). We say that the family {Qi}j^i is in 
general position in V if 

fc+i 

^ n (fl QiJ = VI < 21 < • ■ ■ < 4+1 < q- 

i=i 

In [5], G. Dethloff - D. D. Thai and T. V. Tan gave a concept of the notion "subgeneral 
position" for a family hypersurfaces as follows. 

Definition C. (A^-subgeneral position in the sense of Dethloff - Thai - Tan [5]). Let V 
be a projective subvariety o/P"(C) of dimension k {k < n). Let N > k and q > N + 1. 
Hypersurfaces Qi, - ■ ■ ,Qq in P"(C) with V ^ Qj for all j = 1, ■ ■ ■ ,q are said to be in 
N -subgeneral position in V if the two following conditions are satisfied: 

(i) For every I < < ■ ■ ■ < Jn < q,V r} Qj, n ■ ■ ■ f] Q^^ = (Is. 

(a) For any subset J C {1, ■ ■ ■ ,q} such that 1 < < k and {Qj,j G J} are in 
general position in V and V fl (Ujej Qj) 0; there exists an irreducible component aj of 
V n (UjeJ with dim CTj = dim(y fl (Ujej Qj)) ^^^^^ ^^'^^ /'^'^ ^^'^V ^ ^ {^^ ' ' ' a} \ J i if 
dim(y n (Ujej Qj)) = dim(V^ fl fl {[jjeJ Qj))' ^^^'^ Qi contains aj. 

With this notion of A^— subgeneral position, the above three authors proved the following 
second main theorem. 

Theorem D (Dethloff - Thai - Tan [5J). Let V be a complex projective subvariety of 
P"(C) of dimension k {k < n). Let {Qiji^i be hypersurfaces o/P"(C) in N-subgeneral 
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position in V in the sense of Definition C, with degQj — di {1 <i < q). Let d he the least 
common multiple of d[s, i.e., d — lcm{di, ...,dg). Let f be a algebraically nondegenerate 
meromorphic mapping of C™ into V . If q > 2N — k + 1 then for every e > 0, there exist 
positive integers Lj {1 < j < q) depending on k,n,N,di {1 < i < q),q,e in an explicit 
way such that 

1 _ 27V + A; - 1 - e)Tf{r) < W + o{Tf{r)). 

i=i 

We would like to note that in Definition C, the second condition (ii) is not natural and 
it is very hard to examine this condition. Also the truncation levels Lj, as same as the 
truncation level L in Theorem B, is very large and far from the sharp. Therefore, the 
application of them to truncated multiplicity problems will be restricted. 

The first purpose in the present paper is to give a new second main theorem for mero- 
morphic mappings into complex projective varieties, and a family of hypersurfaces in 
subgeneral position (in the sense of a natural definition as below) with a better trunca- 
tion level for counting functions. Firstly, let us state the following. 

Now, let y be a complex projective subvariety of P"(C) of dimension k {k < n). Let 
d he a, positive integer. We denote by I{V) the ideal of homogeneous polynomials in 
C[xo, Xn] defining V, Hd the ring of all homogeneous polynomials in C[xo, ...,Xn\ of 
degree d (which is also a vector space) . We define 

^'^^^ I{V)n Ha ^""^ ^^^'^^ dim J,(F). 

Then Hv{d) is called Hilbert function of V . Each element of IdiY) which is an equivalent 
class of an element Q e H^, will be denoted by [Q], 

Let / : C™ — )■ V be a meromorphic mapping. We said that / is degenerate over IdiV) 
if there is [Q] G IdiY) \ {0} so that Q{f ) = 0, otherwise wc said that / is nondegenerate 
over Id{V)- It is clear that if / is algebraically nondegenerate then / is nondegenerate 
over Id{V) for every d > 1. 

The family of hypersurfaces {Qijl^i is said to be in N— subgeneral position with respect 
to V if for any 1 < ii < ■ ■ ■ < iN+i, 

N+l 

We will prove the following Second Main Theorem. 

Theorem 1.1. Let V be a complex projective subvariety o/P"'(C) of dimension k {k <n). 
Let {Qi}i=i be hypersurfaces o/P"(C) in N-subgeneral position with respect to V, with 
degQi — di{l <i < q). Let d be the least common multiple of d[s, i.e., d — lcm{di, dg). 
Let f be a meromorphic mapping of into V which is nondegenerate over Idi^)- U 
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q > '•^^ k+i)Hv{d) ^^g^ have 



( {2N-k+l)Hv{d) \ ^ . ^ . V- 1 .r[Hv{d)-l]. .rj.^ 

In the case where y is a hnear space of dimension k and each Hi is a hyperplane, i.e., 
di = 1 (1 < ^ < Q'), then Hy{d) = k + 1 and Theorem 11.11 gives us the above second main 
theorem of Cartan - Nochka. We note that even the total defect given from the above 
Second Main Theorem is 'y'^^-^+^^v{d) > n + 1, but the truncated level {Hv{d) — 1) of 
the counting function, which is bounded from above by (("^°') — 1), is much smaller than 
that in any previous Second Main Theorem for hypersurfaces. 

Also the notion of A^— subgeneral position in our result is a natural generalization of 
the case of hyperplanes. Therefore, in order to prove the second main thoerem in our 
sittuation we have to make a generalization of Nochka weights for the case of hypersurfaces 
in complex projective varieties. 

In the last section of this paper, we prove a uniqueness theorem for meromorphic map- 
pings sharing hypersurfaces in subgeneral position without counting multiplicity as fol- 
lows. 

Theorem 1.2. Let V he a complex projective suhvariety o/P"(C) of dimension k {k < 
n). Let {Qi}'l^i be hypersurfaces in P"(C) in N -subgeneral position with respect to V , 
degQi = diil <i <q). Let d be the least common multiple ofd[s, i.e., d= lcm{di, ...ydg). 
Let f and g be meromorphic mappings of C"^ into V which are nondegenerate over Lii{V) . 
Assume that: 

(i) dim(ZeroQj(/) fl ZeroQj(/)) < m — 2 for every I < i < j < q, 
(n) f = g on ULi(ZeroQi(/) U ZeioQi{g)). 

We see that with the same assumption, the number of hypersurfaces in our result is 
smaller than that in the all previous results on uniqueness of meromorphic mappings 
sharing hypersurfaces. Also in the case of mapping into P'^(C) sharing hyperplanes in 
general position, i.e., V = P"(C), Hy{d) = n-\-l,N = n = k, the above theorem gives us 
the uniqueness theorem of L. Smiley. 

Acknowledgements. This work was completed while the author was staying at Viet- 
nam Institute for Advanced Study in Mathematics. The author would like to thank the 
institute for support. This work is also supported in part by a NAFOSTED grant of 
Vietnam. 



second main theorem and unicity of meromorphic mappings 5 
2. Basic notions and auxiliary results from Nevanlinna theory 

2.1. We set ll^ll = (l^^ip + h l^^mP)^''^ for ^ = (-^i, • • • , -^m) ^ C™ and define 

B{r) := e C" : ||^|| < r}, S{r) := e : ||^|| = r} (0 < r < oo). 

Define 

Vm-i(z) '■— {dd'^W^W'^)"^ ^ and 
am{z) := (i'foglkiP A {dd^log\\z\\^)""^on C"^ \ {0}. 

For a divisor on C™ and for a positive integer M or M = oo, we define tlie counting 
function of ly by 

= min {M,u{z)}, 



J u{z)vm-i if m > 2, 

\u\nBit) 

^ 1/(2;) if m = 1. 

|2|<t 



Similarly, we define n)-^^{t). 
Define 

^(^'^) = / (l<r<oo). 
1 

Similarly, wc define N(r,u^^^) and denote it by N^^^r^u). 

Let Lp : — > C be a meromorphic function. Denote by u^p the zero divisor of (p. 
Define 

For brevity we will omit the character if M = 00. 

2.2. Let / : C"^ — ?> P"'(C) be a meromorphic mapping. For arbitrarily fixed ho- 
mogeneous coordinates {wq : ■■■ : w^) on P"(C), we take a reduced representation 
/ = (/o : ■ ■ ■ : /„), which means that each fi is a holomorphic function on C™" and 
f{z) = {fo{z) : ■ ■ ■ : fn{z)^ outside the analytic subset {/o = • • • = /n = 0} of codimen- 
sion>2. Set = (|/o|2 + . . . + |/„|2) 

The characteristic function of / is defined by 

Tf{r)^ J \og\\f\\am- j log 

5(r) 5(1) 

2.3. Let be a nonzero meromorphic function on C"*, which are occasionally regarded 
as a meromorphic map into P^(C). The proximity function of f is defined by 



m{r,(p) = I logmax (|(/?|,1)(T„ 
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The Nevanlinna's characteristic function of ^ is define as follows 

T(r, v?) = A^i (r) + m(r, 9?) . 

Then 

T^(r) = r(r,vp) + 0(1). 

The function 99 is said to be small (with respect to /) if || T<f[f) = o{Tf{r)). Here, by the 
notation "|| P" we mean the assertion P holds for all r G [0, 00) excluding a Borel subset 
E of the interval [0, 00) with dr < 00. 

2.4. Lemma on logarithmic derivative (Lemma 3.11 [12])- Let f be a nonzero 
meromorphic function on C". Then 

m(r,'^^)=0{\og-^T{r,f)) (a G Z™). 



/ 

Repeating the argument in (Prop. 4.5 [6]), we have the following: 

Proposition 2.5. Let $0) be meromorphic functions on such that {$0) •••) ^k} 

are linearly independent over C. Then there exist an admissible set 

{ai = (an, ...,aim)}*Lo ^ 
with \ai\ = XljLi \<^ij\ ^ k {0 < i < k) such that the following are satisfied: 
(i) {P^'^o, ...^V°'^^k]\=o is linearly independent over Ai, i.e., det (P^'^j) ^ 0. 
(ti) det(P"'(/i$j))= h^+^-det{V'^'<^j) for any nonzero meromorphic function h on C™. 

3. Generalization of Nochka weights 

Let y be a complex projective subvariety of P"'(C) of dimension k {k < n). Let {Qi}'^^i 
be q hypersurfaces in P"(C) of the common degree d. Assume that each Qi is defined 

by a homogeneous polynomial Q* G C[xo, x„]. We regard Id{V) = — as a 

I{V) U Hd 

complex vector space and define 

mnk{Qi}i(.R = rank{[Q*]}igR 
for every subset R C {1, q}. It is easy to see that 

rank{Qi}i6K = Tank{[Q*]}ieR > dim^ - dim(p| QiHV). 

Definition 3.1. The family {Qij^^i is said to be in N-subgeneral position with respect to 
V if for any subset R C {1, q} with ^R = N + 1 then f]^^J^ Q-nV = flS. 

Hence, if {Qi}i=iis in A^-subgeneral position, by the above equality, we have 
rank{Qi}ie/j > dimV - dim(p| QinV) = k + l 

(here we note that dim(0) = —1) for any subset R C {1, q} with jji? = + 1. 
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If is in n-subgeneral position with respect to V then we say that it is in general 

position with respect to V. 

Taking a C— basis of IdiV), we may consider IdiV) as a C— vector space C^^ with 
M = Hv{d). 

Let {Hi}'-^^ be q hyperplanes in C^^ passing through the coordinates origin. Assume 
that each Hi is defined by the hnear equation 

dijZi + ■ ■ ■ OiMZM = 0, 

where ajj G C (j = 1, M), not all zeros. We define the vector associated with Hi by 

Vi = {an, ...,aiM) e C^. 
For each subset R C {1, q}, the rank of {-ffi}ie_R is defined by 

rank{Hi}i(.R = iank{vi}i(.ji- 

The family {ifj}^^^ is said to be in N-subgeneral position if for any subset R G {!,..., q} 
with ^R = N + 1, H-e^ Hi = {0}, i.e., Teink{Hi}i^R = M. 
By Lemmas 3.3 and 3.4 in [9j, we have the following. 

Lemma 3.2. Let {Hi}^^-^ be q hyperplanes in C'^^^ in N-subgeneral position, and assume 
that q > 2N — A; + 1. Then there are positive rational constants oui {1 < i < q) satisfying 
the following: 

i) < Uj <l,Wie {1, ...,g}; 

a) Setting u = maxjgQCJj, one gets 

= Lo{q - 2N + k - 1) + k + 1. 

A; + 1 ^ k 

Hi) < a; < — . 

iv) For R C Q with < [ji? < + 1, then J2i£R^i — rank{iJj}jgR. 

v) Let Ei > 1 {1 < i < q) be arbitrarily given numbers. For R G Q with < jji? < 
there is a subset R° G R such that '^R° = rank{ifi}jg/jo = rank{i/j}jgij and 

He: <iiE, 

The above Uj are called Nochka weights, and u is called Nochka constant. 

Lemma 3.3. Let Hi, ...Hg be q hyperplanes in C^^, M > 2, passing through the coor- 
dinates origin. Let k be a positive integer, k < M. Then there exists a linear subspace 
L G C*^ of dimension k such that L Hi {I < i < q) and 

rank{i^fj^ fl L, . . . , Hi^ n L} = Tank{Hi^ , ■ ■ ■ , Hi^ } 

for every 1 < I < k,l < ii < ■ ■ ■ < ii < q. 
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Proof. We prove the lemma by induction on M (M > fc) as follows. 

• If M = A;, by choosing L — we get the desired conclusion of the lemma. 

mli M — Mo > A; + 1. Assume that the lemma holds for every cases where k < M < 
Mq — 1. Now we prove that the lemma also holds for the case where M — Mq. 

Indeed, we assume that each hyperplane Hi is given by the linear equation 

ClilXi + • • • + aiMoXMo = 0, 

where aij G C, not all zeros, {xi, ...,Xmo) is an afiine coordinates system of C*^". We 
denote the vector associated with Hi by Vi = {an, ...,aiM()) ^ \ {0}. For each subset 
T of {vi, Vq} satisfying [JT < k, we denote by Vr the vector subspace of generated 
by T. Since dimVr < < k < Mq, Vt is a proper vector subspace of C^°. Then 
{jj, Vt is nowhere dense in C^°. Hence, there exists a nonzero vector v — {ai, auo) G 
C^o \ Ur ^T- Denote by H the hyperplane of defined by 

aixi + h (imoXmo = 0. 

For each Vi G {vi, ...jVmo}^ wc have v ^ V{^.} then {v,Vi} is linearly independent over C. 
It follows that Hi <f_ H. Therefore, H[ = Hi n H is a hyperplane of H. Also we see that 
dim H = Mo-1 

By the assumption that the lemma holds for M = Mq — 1, then there exists a linear 
subspace L <Z H oi dimension k such that L H[ {1 < i < q) and 

rank{i/; n L, . . . , if^ n L} = rank{i/;, ...,H'i^} 

for every 1 < / < A;, 1 < ii < • • • < < g. 

Since L (/i H^, it is easy to see that L Hi for each i {1 < i < q). On the other 
hand, for every 1 < / < A;, 1 < ii < ■ ■ ■ < i/ < we see that v Then 
rank{vj^, = rank{f j^, Vj^} + 1. This implies that 

rank{if;^, ...,H'-^} = dimH - dim(p| H'^^) = Mq - 1 - dim(if n p| Hi.) 

= reink{Hi^, ...,Hi^,H} - 1 = rank{vjj, ...,Vi^,v} - 1 
= rank{ , . . . , } = rankji^^^ , . . . , ifj^ } . 

It follows that 

I I 
rank{iJji n L, . . . , i^^, n L} = dimL - dim(L n f] Hi.) = dimL - dim{f]{H'i. n L)) 

= rank{i/4 n L, . . . , //^^ n L} = rank{i/i,, //ij. 

Then we get the desired hnear subspace L in this case. 

• By the inductive principle, the lemma holds for every M. Hence we finish the proof 
of the lemma. □ 
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Lemma 3.4. Let V be a complex projective subvariety o/P"(C) of dimension k {k < n). 
Let Qi, ...,Qq be q {q > 2N — A; + 1) hypersurfaces in P'"(C) in N— subgeneral position 
with respect to V of the common degree d. Then there are positive rational constants 
(1 < < Q') satisfying the following: 
%)0<Ui<l, Wie {l,...,g}, 

a) Setting io = maxj^zQUj, one gets 

q 

'^Uj = oj{q - 2N + k - 1) + k + 1. 
j=i 

A; + 1 _ k 

^ 2N -k+l- - N 

iv) For R C {1, with jji? = + 1, then Y^iaR^i <k + l. 

v) Let Ei > 1 {1 < i < q) be arbitrarily given numbers. For R C {l,...,q} with 
'^R = N + 1, there is a subset R" G R such that '^R° = rank{(5j}je_Ro = k + 1 and 

i&R i&R° 

Proof. We assume that each Qi is given by 

Oiix^ = 0, 

where Id = {{io, Q e N^^^ ; i^ + ■ ■ ■ + i^ = d}, I = {io, in) e Id, = xl° ■ ■ ■ x^" 
and an e C {1 < i < q,I e Id)- Setting Q*{x) = J2ieXa cbu^^ ■ Then Q* e Hd 

Taking a C— basis of Id{V), we may identify Id{V) with C— vector space C^^ with 
M = Hd{V). For each Qi, we denote Vi the vector in C*^ which corresponds to [Q*] by 
this identification. We denote by Hi the hyperplane in C^^ associated with the vector fj. 

Then for each arbitrary subset R C {1, ■■■,q} with '^R = N + 1, we have 
dim(P| QinV)> dimV - rank{ [Qj] } jg/j = k- rank{ifi}j6R. 



ieR 



Hence 



reLnk{Hi}i^R >k- dim(P| QinV)>k - (-1) = k 



i£R 



By Lemma 13.31 there exists a hnear subspace L C C of dimension k + 1 such that 
L(^ Hi {l<i<q) and 

rank{i/j^ fl L, . . . , Hi^ n L} = rankjifj^ , • . • , Hi^ } 

for every 1 < I < k + 1,1 < ii <■■■< ii < q. Hence, for any subset R G {1, ...,q} with 
'^R = N + 1, since rank{i/i}jgij > A; + 1, there exists a subset R' G R with '^R' = A; + 1 
and rank{i^j}jg/j/ = A; + 1. It imphes that 

rank{i7i n L}i(,R > rank{ifi n Lji^R' = Tank{Hi}i(zR> = k + 1. 
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This yields that rankjifj fl L}i(zji = k + 1, since dim L = k + 1. Therefore, {Hi fl L}j^^ is 
a family of q hyperplanes in L in A^-subgeneral position. 

By Lemma [121 there exist Nochka weights {ui}1^i for the family {Hi fl L}f^^ in L. It 
is clear that assertions (i)-(iv) are automatically satisfied. Now for R C with 
'^R = N + 1, hj Lemma [3.2( v) we have 

^iOi < rank{i7i n = A; + 1 

and there is a subset R° G R such that: 

p° = rank{i/i n L},gRO = rank{//i n Lj.^R = k + l, 
< He,, WE,>l{l<i<q), 

i&R i£R° 

rank{(5j}ig/jo = rank{ifj fl L]i^RO = k + l. 

Hence the assertion (v) is also satisfied. 
The lemma is proved. □ 

4. Second main theorems for hypersurfaces 

Let {Qi}i(^R be a set of hypersurfaces in P"(C) of the common degree d. Assume that 
each Qi is defined by 

ttj/x^ = 0, 

where Id = {{io, in) e N^"^^ ; zq H h in = d}, I = (zq, in) e Id, = xl° ■ ■ ■ x^" 

and {xq : • ■ ■ : x„) is homogeneous coordinates of P"(C). 

Let / : C'" — > V C P"(C) be an algebraically nondegenerate meromorphic mapping 
into V with a reduced representation f = {fo '■ ■ ■ ■ '■ fn)- We define 

Q.(/) = 5^a.,/^ 

where f^ = fo'--- fn ^oi I = {io, in)- Then we see that f*Qi = i^Qi(f) as divisors. 

Lemma 4.1. Let {Qi}i^R be a set of hypersurfaces in P"(C) of the common degree d and 
let f be a meromorphic mapping of C" into P"(C). Assume that f]f^i QiCiV = ^. Then 
there exist positive constants a and j3 such that 

a\\f\\'<m^\Qi{f)\<m\\''- 

Proof. Let (xq : ■ ■ • : x„) be homogeneous coordinates of P"(C). Assume that each 
Qi is defined by: Tliiex^'^ii^^ ~ 0- Qii.^) = Tlii^x^'^ii^^ ^^^^ consider the following 
function 
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where = (YIZ 



i=0 



We see that the function h a positive continuous function on V . By the compactness 
of V , there exist positive constants a and (3 such that a = mina.gpn(c) h{x) and /3 = 
maXj.gpn(c) h{x). Therefore, we have 

a||/||^<max|Q,(/)|</3||/||'^. 
The lemma is proved. □ 

Lemma 4.2. Let be a set of q hypersurfaces in P" (C) of the common degree d. 

Then there exist {Hd{V) — k — 1) hypersurfaces {Ti}fj^^^ ^ ^ in P"(C) such that for any 
subset R G {1, ...,0'} with jji? = rankjQijigR = A; + 1 then rank{{(5i}iei? U {Ti]f!^^} = 
Hv{d). 

Proof. For each i {1 < i < q), take a homogeneous polynomial Q* G C[xo, Xn] of 
degree d defining Qi. We consider IdiV) as a C— vector space of dimension Hd{V). 

For each subset R E {1, ...,q} with jj-R = rank{(5*}jgp = we denote by Vr the set of 
all vectors v = {vi, ...,VHv{d)-k-i) e {Id(y))"'^^'^^~''~^ such that {{[Q*]}i^R,vi, ...,VHy{d)-k-i} 
is linearly dependent over C. It is clear that Vr is an algebraic subset of (/^^(y))^^^'^)"^^^. 
Since dim 1^(1/) = HdiV) and rank{(5*}je_R = k + 1, there exists v = {vi, ^//^(dj-fc-i) ^ 
such that {{[g*]} ieR,Vi, ...,VHv{d)-k-i} is linearly independent over C, 
i.e., V ^ Vr. Therefore Vr is a proper algebraic subset of (IdiV))^^^'^^^''^^ for each R. 
This implies that 

R 

Hence, there is (T+, r+^(,)_,_i) G (/rf(V))^-('^)-'=-i \ ^ii- 

For each , we take a representation T* G iifd of it and and take the hypersurface Tj 
in P"(C), which is defined by the homogeneous polynomial T* {i = 1, ...,q). We have 

rank{{Q,},g« U ml\^'^-'-'} = rank{{[Q*]},g^ U {mfZ^'^-'-'} = Hy{d) 

for every subset i? G {!,...,(/} with jj-R = rankjQijjgp = k + 1. 

The lemma is proved. □ 

Proof of Theorem ll.lL We first prove the theorem for the case where all = 1, 5') 
have the same degree d. 

It is easy to see that there is a positive constant {3 such that > \Qi{f) \ for every 

1 < i < q. Set Q := {1, ■ ■ ■ ,q}. Let {uji}'l^i be as in Lemma [3^ for the family {QiYi=i- 
Let {Tj}*^^'^ be (M — A;) hypersurfaces in P"(C), which satisfy Lemma [4. 2[ 

Take a C— basis { [Aj] j^^'''^'' of IdiY), where Ai G Hd- Since / is nondegenerate over 
Idiy), {Ai{f)] 1 <i < Hy{d)} is linearly independent over C. Then there is an admissible 
set {«!, ■ ■ ■ , aHv(d)} C Z™ such that 

W ^ det{V^^A{f)il < z < Hy{d)))^^^^^^^^^^ 
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and \aj\ < Hv{d) - 1, VI < j < Hv{d). 
For each R° = {r°, r^+J C {!,..., q} with rankjQJieRo = = + 1, set 
Wno ^ det(l)-^Q,o(/)(l < V < + 1), I)°^T,(/)(1 < / < Hyid) - k - 1))^^^^^^^^^. 

Since rank{(5ro(l < ^ < k + l),Ti{l < I < Hv{d) — k — 1)} = Hd{V), there exist a nonzero 
constant C^o such that Wro = Cro ■ W . 

We denote by 7?.° the family of all subsets of {1, g} satisfying 

rank{Qi}ig/jo = jji?" = A; + 1. 

Let 2 be a fixed point. For each R G Q with = N + 1, we choose R° G R such that 

R° G TZ° and i?° satisfies Lemma |3]1] v) with respect to numbers | , ^ , , On the 

other hand, there exists Rg Q with jji? = iV + 1 such that \Qi{f){z)\ < \Qj{f){z)\,yi G 
R,j ^ R. Since nieijQ* = ^y Lemma l^?T] there exists a positive constant such that 



aR\\mz)<m^^mf){z)\. 



Then we see that 



^ \W{z)\ 



11 I IDYfVr^ 



< B 



Wnoiz)\-\\f\r-('Hz) 



where Aj^, Bj^ are positive constants. 

\Wro\ 

Put Sp = Bf> „ , , — . By the lemma on logarithmic derivative, 

Y{^,RAQmY\!:,^'^''-' \m)\ 

it is easy to see that 



log SR{z)am = o{Tf{r)). 

'S{r) 

Therefore, for each z G C™", we have 

Integrating both sides of the above inequality over S{r) with the note that: ^11=1 

Cji{q - 2N + k - 1) + k + 1, we have 

(4.3) 

\\d{q-2N + k-l- ^^^^^~^~^ T,(r) < ^A^Q^m W - ^Nw{r) + o{Tj{r)). 

1=1 

Claim. ELi^.A^Q.(/)(0 - N^{r) < ELi ^^^r/f^'V)- 
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Indeed, let z be a zero of some Qi{f){z) and z /(/) = {/o = ■ ■ ■ = /n = 0}. 
Since {Qi}'^=i is in A^-subgeneral position, z is not zero of more than functions Qi{f). 
Without loss of generality, we may assume that z is zero of Qi{f) (1 < ^ < A; < A^) 
and z is not zero of Qi{f) with i > N. Put R = {1, + 1}, choose C R with 
t|i?^ = rank{Qj}jgfli = k + 1 and R^ satisfies Lemma 13.41 v) with respect to numbers 
|gmax{^Q^(^)(.)-Hv(d)+i,o}|j^^_ Then we have 

^Uimax{uQ^^f){z) - Hv{d) + 1,0} < max{z/Q^(/)(z) - Hy{d) + 1,0}. 
Then, it yields that 

vw{z) = i^w^Az) > ^max{iyQ^^f){z)-Hvid)+l,0} > ^Uimax{uQ^(^f){z)-Hvid) + l,0}. 

Thus 
<? 

^UiUQ^(^f){z) - uw{z) = ^Wii/Q,(/)(2;) - iyw{z) 

i=l ieR 

= ^ujimm{iyQ^^f){z),Hv{d) - 1} + ^a;imax{z/Q^(/)(2;) - liy{d) + 1,0} - v^^{z) 

ieR i&R 

g 

< '^Uimm{uQ^(^f){z),Hv{d) + 1} = ^ min{z/Q^(/)(2;), M}. 

ieR i=l 

Integrating both sides of this inequality, we get 

i=l i=l 

This proves the claim. 
Combining the claim and (14.31) . we obtain 

q 



i=l 



9 
i=l 



k + 1 

Since u > ; , the above inequality implies that 

( {2N - k + l)Hv{d)\ [Hy(d)-i]^ . ^ frr { \\ 

^ ^ i=l 

Hence, the theorem is proved in the case where all Qi have the same degree. 
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We now prove the theorem for the general case where degQi = di. Applying the above 
case for / and the hypersurfaces Q/* (i = 1, g) of the common degree d, we have 

/ {2N-k + l)Hv{d) \ ^ , . . 1 V- M[Hv{d)-i]. . ^ . 

[1 — y'f^'^^di^ V-M/) + '^^^^^^^ 

^ i=l 

The theorem is proved. □ 



5. Unicity of meromorphig mappings sharing hypersurfages 

Lemma 5.1. Let f and g be nonconstant meromorphic mappings o/ C™" into a complex 
projective subvariety V o/P"(C), dimi/ = k [k < n). Let Qi {i = l,...,q) be moving 
hypersurfaces in P"(C) in N -subgeneral position with respect to V , degQj = di, N > n. 
Put d = lcm{di, dg) and M = ("+'^) -1. A ssume that both f and g are nondegenerate 
overldiV). Ifq> (2Af-fc+i)gv (rf) ^/^^^ || y^^^^ _ 0{Tg{r)) and \ \ Tg{r) = 0{Tf{r)). 

Proof. Using Theorem II .11 for /, we have 

{2N - k+l)Hv{d) \ ^ . X 1 ^ , / 



i=l 
Q 



i=l 

q 



1=1 

<q{H,{V)-l)Tg{r) + o{Tf{r)). 
Hence || Tj(r) = 0(Tg(r)). Similarly, we get || Tg{r) = 0(Tf{r)). 
Proof of Theorem 11.21 We assume that / and g have reduced representations f = {fo '■ 

_d_ 

■ ■ ■ : /„) and g = {go '■ ■ ■ ■ '■ gn) respectively. Replacing Qi by Q/* if necessary, without 
loss of generality, we may assume that di = d for all z = 1, g. 



By Lemma [5?H we have || Tf{r) = 0{Tg{r)) and || Tg{r) = OiTf{r)). Suppose that 
f ^ g. Then there exist two indices s, t (0 < s < t < n) satisfying 

H := fsQt - ftQs ^ 0. 
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By the assumption (ii) of the theorem, we have if = on |Ji=i(^^^°^«(/) Zero(5i(5')). 
Therefore, we have 



1=1 



/°,>5^min{l,z.°^(,)} 

1=1 

outside an analytic subset of codimension at least two. Then, it follows that 

(5.2) ^^^w>E<;(/)W- 



i=l 



On the other hand, by the definition of the characteristic function and Jensen formula, 
we have 



H{r) = / log \fsgt - ftgsWm 

Js{r) 

< / log||/|k„+ / log||^||a„ 

Js(r) Js(r) 



'S(r) JS{r) 

= Tf{r) + Tg{r). 
Combining this and fl4.2p . we obtain 

TKr) + r,(r)>5^<l^)(r). 



1 V 

1=1 

Similarly, we have 



r/(r)+T,(r)>^iV[;]^)(r). 



=1 



Summing-up both sides of the above two inequalities, we have 
(5.3) 2{Tj{r) + T,{r)) > E <(/)(^) + E <!(.)(0 

i=l 1=1 

From (15.31) and applying Theorem II. II for / and g, we have 



d ( {2N-k + l)Hv{d) \ , , , fTf^^i^f^^ 

Letting r -> +00, we get 2 > ^ (g - ^ , < m^+^2^ld^01E^, 
This is a contradiction. 
Hence f = g. The theorem is proved. □ 
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